Recently, Tsupko et al. have put forward the very interesting proposal to use the shadows of highredshift supermassive black holes (SMBHs) as standard rulers. This would in principle allow us to probe the expansion history within a redshift range which would otherwise be challenging to access. In this short note, we critically examine this proposal, and identify a number of important issues which had been previously overlooked. These range from difficulties in obtaining reliable SMBH mass estimates and reaching the required angular resolution, to an insufficient knowledge of the accretion dynamics of high-redshift SMBHs, to weak lensing effects leading to typical angular deflections much larger than the SMBH shadow angular sizes. While these issues would currently appear to prevent high-redshift SMBH shadows from being used as robust standard rulers, we hope that our pointing them out early will help in making such a probe theoretically mature by the time it will be experimentally feasible.
I. INTRODUCTION
One of the most important breakthroughs in 21st century cosmology has been the ability to probe the expansion history of the universe and the relation between distance and redshift far beyond our local neighbourhood. These determinations usually rely on objects (or classes of objects) with well-known intrinsic properties, such as so-called standard candles [1, 2] , standard sirens [3, 4] , standard rulers [5, 6] , and standard clocks [7, 8] . Here, we shall mostly be concerned with the concept of a standard ruler (SR), an object of known intrinsic size. The distance to a SR can be then determined by comparing its observed angular size to its known physical size. The archetype of SRs (which is more precisely a statistical SR) is represented by the scale imprinted by Baryon Acoustic Oscillations (BAOs) [6] which are set up by the interplay between radiation pressure and gravity of the strongly coupled photon-baryon fluid in the early universe. BAOs imprint a scale corresponding to the sound horizon at baryon drag in the distribution of matter, resulting in a preferred clustering scale for tracers of the large-scale structure. A statistical analysis of a given large-scale structure tracer at a given redshift allows one to extract this preferred scale, and hence the distance to the redshift in question.
The use of BAOs as SRs has revolutionised our understanding of dark energy and cosmic acceleration and has been instrumental in establishing the ΛCDM concordance cosmological model [9] . Nonetheless, there are plenty of theoretical and observational reasons to believe that ΛCDM might not be the end of the story, ranging from considerations over the theoretical implausibility of a cosmological constant of the observed magnitude [10] , to mismatches between cosmological parameters estimated from independent probes (such as the "H 0 tension", see e.g. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] ) suggesting that the ΛCDM description of the dark sectors of the Universe might be incomplete. Anticipated improvements in BAO measurements from future surveys such as DESI [31] and Euclid [32] will be crucial towards either further strengthening the case for ΛCDM, or conclusively finding evidence for new physics.
Regardless of the success of BAOs in mapping the latetime expansion history, it is desirable to find novel and independent standard rulers, which might be used to either cross-validate existing BAO distance measurements or, more intriguingly, allow us to probe a new redshift window otherwise not accessible to BAOs. A wide variety of novel standard rulers have been proposed in the literature, including (but not limited to): double-lobed radio sources [33, 34] , X-ray gas mass fractions from galaxy clusters [35, 36] , ultra-compact radio sources [37, 38] , Minkowski functionals of the large-scale structure density field [39, 40] , dust time lags [41, 42] , strongly-lensed systems [43, 44] , the so-called "linear point" in the largescale structure two-point correlation function [45, 46] , the cosmic homogeneity scale [47, 48] , velocity-induced acoustic oscillations at Cosmic Dawn [49, 50] , and light echos [51, 52] . However, it is fair to say that none has (yet) even gone close to achieving the same level of maturity and reliability of BAOs.
Recently, a very interesting possibility for a new SR making use of black hole (BH) shadows has been proposed by Tsupko et al. in [53] . A BH shadow is the apparent (i.e. gravitationally lensed) image of the photon sphere, the region in the vicinity of the BH along which photons travel in unstable circular orbits. More precisely, the proposal advocated by [53] makes us of measurements of the angular sizes of supermassive black hole (SMBH) shadows (whose evolution as a function of redshift is in principle known, if the SMBH mass is known) for SMBHs located at cosmological distances. A very interesting follow-up in [54] examined the cosmological implications of this SR, finding that such a probe can potentially lead to exquisite constraints on the expansion history at very high redshift (z 10), as well as on cosmological parameters such as Ω m . On the other hand, at low redshifts SMBH shadows might allow for precise constraints on the Hubble constant H 0 , thus possibly providing more insight into the H 0 tension. Therefore, it appears that the use of SMBH shadows as standard rulers can provide an extremely successful cosmological probe.
In this short note, we wish to advocate a more cautious approach on the subject, despite the promising results of Tsupko et al. [53] being formally correct. In particular, our goal is to point out a number of rather important practical issues and difficulties overlooked by [53] , which render the use of SMBH shadows as standard rulers more problematic than what has been originally thought. While we certainly do not want to discourage astrophysicists and cosmologists from thinking about using SMBH shadows as standard rulers, given the huge potential therein, we believe that at the same time it is important to point out the associated difficulties as early in the process as possible, in order to allow such a probe to reach a high level of theoretical maturity by the time it will be experimentally feasible.
The rest of this paper is organized as follows. In Sec. II we review of the concept of a BH shadow, how its angular size evolves with redshift, and how it can be used as a standard ruler in an expanding universe. In Sec. III we discuss why we find such a probe to be problematic, identifying six independent concerns. We provide concluding remarks in Sec. IV. Throughout the paper, we work in Planck units with G = c = = 1.
II. BLACK HOLE SHADOWS AS STANDARD RULERS
Black holes are unique regions of space-time, and might hold the key towards the unification of Quantum Mechanics and General Relativity (GR) [55] [56] [57] [58] [59] . They represent the final state of continuous gravitational collapse of matter and are defined by their event horizon, a one-way causal space-time boundary from which nothing can escape [60] [61] [62] . Observationally speaking, BHs are ubiquitous in a wide range of environments (for a recent review on astrophysical BHs see [63] ). Of particular interest are so-called supermassive BHs (SMBHs), with masses in the range 10 5 − 10 10 M . It is believed that most sufficiently massive galaxies harbor SMBHs at their centres [64, 65] .
The so-called BH shadow is an important feature resulting from the combination of an event horizon (or, more precisely, of a photon sphere, around which photons orbit the BH on unstable circular orbits) and the strong gravitational lensing in the vicinity of a BH. More formally, the BH shadow constitutes a closed curved on the sky which separates capture orbits from scattering orbits, see [66] for a review. In particular, for a BH surrounded by a geometrically thick, optically thin emission region, the shadow should be visible as a dark region on the sky, surrounded by a bright emission ring (see e.g. [67] [68] [69] [70] [71] ). For a Schwarzschild BH, the radius of the shadow r sh = 3 √ 3M ≈ 5.2M is equal neither to the Schwarzschild radius r s = 2M nor to the photon sphere radius r ph = 3M , but is actually slightly larger than both due to the fact that the shadow is the gravitationally lensed image of the photon sphere [67] .
Very-long-baseline interferometry (VLBI) has been argued to be a promising technique to image the shadows of SMBHs [72] . A very successful example is represented by the Event Horizon Telescope (EHT) [73] , a global network of radio telescopes which in 2019 imaged the shadow of the SMBH M87* [74] [75] [76] [77] [78] [79] . The shadow of M87* appears to be broadly consistent with that of GR Kerr BH [80] , although the possibility that M87* might be a more complex object (either a non-Kerr BH or a BH mimicker) cannot yet be excluded. In fact, a number of works have examined the possibility of using M87*'s shadow as a probe of fundamental physics, and possibly of deviations from GR .
The proposal put forward by Tsupko et al. in [53] is to use SMBH shadows as standard rulers, by computing the angular size α sh (z) of the shadow of a Schwarzschild BH at arbitrary redshift. The issue of computing the size of a BH shadow at cosmological distances is actually highly non-trivial. The main difficulties in performing an analytical calculation are first of all that of finding an adequate description of a BH embedded in an expanding universe, and next that of computing light ray trajectories in the strong gravity regime. Usually the problem is approached by exploiting constants of motion which are either conserved or approximately conserved. However, the Friedmann-Lemaître-Robertson-Walker (FLRW) space-time does not possess a time-like Killing vector, implying that energy is not conserved, which complicates the analytical computation of BH shadows therein. The issue of embedding a BH solution in an expanding universe has been tackled in recent years, for instance within the so-called Einstein-Straus model [126, 127] or within the McVittie metric [128] [129] [130] [131] (see also [132] [133] [134] [135] ). Other works focused on computing the shadow of a Schwarzschild BH embedded in a de Sitter universe [136] [137] [138] . More progress was made in [139] , where the authors computed the size of a Schwarzschild BH shadow as seen by a comoving observer in an expanding universe with a cosmological constant.
A later study in [140] proposes an approximate method for computing the size of the shadows of Schwarzschild BHs in an expanding FLRW universe as seen by a comoving observer. The key observation made in [140] (see also [141] ) is that for BHs located at cosmological distances (i.e. well within the Hubble flow) the observer is typically very far from the BH event horizon, and the expansion of the universe is slow enough that it can be neglected near the BH. Within these approximations, one can compute the size of the BH shadow in a FLRW universe with arbitrary energy content, by first neglecting the expansion of the universe as light rays propagate near the BH, and then neglecting the strong BH gravity as light rays propagate towards the distant observer. Under these approximations, which are most certainly reasonable for SMBHs located at cosmological distances (but not applicable to SMBHs situated in the local universe, such as M87*), the expression for the angular size of a Schwarzschild BH shadow at redshift z is [140] :
.
Here, D A (z) is the angular diameter distance to redshift z, which depends on the energy content of the universe (photons, baryons, dark matter, dark energy, and neutrinos) as a function of time through the Hubble expansion rate H(z) at redshift z, as:
For sufficiently small z 1 one finds that D A (z) ≈ z/H 0 , with H 0 the Hubble constant (but in this regime neglecting the strong BH gravity might not be justified, and peculiar velocities become important).
The expression in Eq. (1) reflects the fact that the shadow of a Schwarzschild BH is an object of known intrinsic physical size, so that the influence of gravity on the propagation of photons can be neglected. The apparent angular size of the BH is related to its intrinsic physical size through the angular diameter distance at redshift z. It is worth remaking once more that this approximation is valid only for observers sufficiently far from the BH [140] . Within this regime, the validity of Eq. (1) has been checked in [140] against the full computation performed in [139] .
Interestingly, given the well-known fact that in an Universe with a cosmological constant the angular diameter distance D A (z) reaches a maximum at z max ≈ 1.5 before continuously decreasing, the angular size of SMBH shadows dramatically increases for z z max . We show this in Fig. 1 , where we plot the angular size of SMBH shadows as a function of redshift, for various values of the SMBH mass as reported in the caption. The angular size is reported in µas, and we consider SMBHs with masses up to 10 11 M , with heavier SMBHs leading to larger shadows as is obvious from Eq. (1). The heaviest SMBHs known to us fall just short of the 10 11 M threshold. For example, TON618 is the heaviest SMBH known, and weighs about 6.6 × 10 10 M [142] . The nextto-heaviest SMBHs known are Homberg 15A [143] , IC 1101 [144] , and S5 0014+81 [145, 146] , all with masses ≈ 4 × 10 10 M . Therefore, 10 11 M can be considered to be a loose more-than-optimistic upper limit for the heaviest SMBHs existing in Nature, and by extension the red curve in Fig. 1 gives a rough upper limit to the size of how large the size of a SMBH shadow can be at any given redshift. The horizontal black dashed line denotes the angular resolution of 1 µas, which approximately corresponds to the current sensitivity of the Event Horizon Telescope. We have furthermore also included a very optimistic forecast sensitivity for an angular resolution of 0.1 µas (gray dotted line). 10 11 M represents a more-than-optimistic rough optimistic upper limit to the heaviest SMBH existing in Nature, and hence the red curve gives a rough upper limit to the size of a SMBH shadow one might ever hope to observe at any given redshift.
The proposal put forward by Tsupko et al. in [53] is that an independent determination of the mass M and redshift z of SMBHs at cosmological distances, whose shadow angular size has been measured, leads to an indirect measurement of the angular diameter distance D A (z) through Eq. (1). As we see from Fig. 1 , given that the current angular resolution of the EHT is of O(µas), such a technique could in principle allow us to probe the distance-redshift relation within the redshift window z O(10) for SMBHs with masses M 10 10 M , corresponding to the heaviest SMBHs known. This redshift window is extremely intriguing, and is well beyond the region that is currently accessible by conventional distance ladder methods, for example by the use of Supernovae Type Ia (SNeIa) or BAOs, which in the most optimistic cases can reach redshifts z 2 − 3. Future 21-cm measurements might instead probe the same redshift window as SMBH shadows (see e.g. [49, 50, [147] [148] [149] ). As shown in [54] , assuming that SMBH shadows could be used as a standard ruler, a combination of SMBH shadows and SNeIa measurements would lead to exquisite constraints on Ω m and H 0 [54] . In the next Section, we will advocate a more cautious approach towards the problem, highlighting a number of issues which were overlooked in the original proposal of Tsupko et al. [53] , and which appear to prevent SMBH shadows from becoming, at least at present, a reliable standard ruler.
III. ISSUES WITH THE USE OF BLACK HOLE SHADOWS AS STANDARD RULERS
In this Section, we discuss in more detail the difficulties which have been overlooked on the road towards using SMBH shadows as standard rulers.
A. Reliably determining black hole masses
Assuming that Eq. (1) is valid (see the later Sec. III E for concerns on the matter), it is clear that in order to obtain a reliable distance measurement, an equally precise determination of the mass of the SMBH in question is required. Ideally, independent determinations of the SMBH mass should agree between each other. Unfortunately, this is far from being the case even with current SMBH mass determinations.
For instance, aside from the EHT-based determination of M87*'s mass, there are essentially two main ways to determine this quantity: either using stellar dynamics measurements (e.g. [150] ) or gas dynamics observations (e.g. [151] ). These two methods to determine M87*'s mass disagree by about a factor of 2, and a similar level of disagreement is present for most SMBH mass estimates at low redshift. There are preliminary indications that incorporating non-Keplerian components in the modelling of the gas orbits might solve this discrepancy [152] , however the situation is extremely far from being settled. Overall, it is clear that current SMBH mass determinations come with a significant ( 100%) systematic uncertainty budget, which directly translates into an equally large uncertainty budget on the inferred distance if SMBH shadows are used as standard rulers. It is impossible to do precision cosmology with such a large systematic uncertainty budget floating around.
Another possibility, especially useful at high redshifts, is reverberation mapping [153, 154] . However, present uncertainties obtained through this method are huge, again 100%. Moreover, the uncertainty is dominated by systematics in our understanding of the so-called broad emission-line region form factor (see e.g. [155] [156] [157] ). Until these broad emission-line regions are better understood, it will not be possible to improve this uncertainty budget, thus calling into question whether it will even be feasible to obtain precise measurements for SMBH masses at high redshift. The problem of reliably determining SMBH masses does not depend on the SMBH redshift, and we therefore expect it to be a significant limitation over the whole redshift window.
B. Reaching the required angular sensitivity
From Fig. 1 , we see that in order to realistically resolve high-redshift SMBH shadows, a better than 0.1 µas angular resolution is required. Note that the red curve in Fig. 1 is very optimistic, since we do not know of any SMBH as heavy as 10 11 M , whereas only a handful of SMBHs with masses of order 10 10 M are known. Most known SMBHs have masses of order 10 9 M (for instance, M87* has a mass of about 6.5 × 10 9 M ).
An angular resolution of better than 0.1 µas requires an improvement of over an order of magnitude compared to the current angular resolution of the EHT. While the EHT (as well as planned surveys/space observatories) do plan to improve their sensitivity by both including multiple space-based telescopes, as well as moving to different frequencies, even the most optimistic setup does not seem to be able to achieve the required sensitivity of 0.1 µas or better (see e.g. [158] [159] [160] ). While we cannot exclude that future VLBI technology will be able to reach such a sensitivity, this target appears very futuristic at present.
In [53] , it was suggested that the target resolution might be reached by using VLBI technology in the optical band (recall that the EHT is currently observing at 1.3 mm). However, there are reasons to be skeptical about high-redshift optical VLBI. In fact, the presence of dust in galactic nuclei strongly limits the capabilities of optical observations, which thus do not appear to be a plausible solution to the issue of increasing the angular sensitivity.
A perhaps more plausible alternative is that of using X-ray interferometry (XRI) techniques which, employing a constellation of satellites, may reach the necessary resolution in a relatively distant future [161] (the build and launch of constellation sub-µas XRI facilities can be expected indicatively no earlier than 2060). However, XRI facilities aim at observing the direct image of SMHBs with optically thick disks, in which case the shadow does not correspond to the apparent image of the photon sphere, but to the inner edge of the accretion disk, which should also strongly depend on the black hole spin parameter (see further discussions below in Sec. III C). More generally, the issue of what is the most appropriate electromagnetic wavelength to use is closely related to the emission mechanisms of the accreting material, which are far from being well understood, as we will discuss below in Sec. III C. In addition, XRI projects are expected to be able to image the shadows of SMBHs located near us, not at cosmological distances. In summary, the issue of reaching a sensitivity of 0.1 µas or better appears to be a severe limitation for most of the redshift range under consideration, unless a substantial population of high-redshift SMBHs with masses > 10 10 M exists and can be observed.
C. Do we understand high-redshift black holes well enough?
Another possible concern is that the key expression for α sh (z), Eq. (1), might be modified in the presence of accretion flow which inevitably surrounds the SMBH. One might in fact worry that the observed size of the shadow would depend strongly on the shape and inclination of the accretion disk. More generally, the observed shadow might depend on the details of the accretion flow themselves (in fact, such a concern was recently raised in [70] , see also a partial response in [71] ), making SMBH shadows unsuitable for cosmological studies unless the accretion details were sufficiently understood. Fortunately, it is known that for advection dominated accretion flow (ADAF) [162] [163] [164] , the BH shadow is indeed the apparent image of the photon sphere, whose size is thus insensitive to the details of the accretion flow (see e.g. [71] ). The ADAF model is believed to be a valid description of the accretion flow around M87* and SgrA*, and in fact for several low-redshift SMBHs.
Is this still the case at high redshift? Unfortunately, things appear to be significantly more complicated. In fact, observations of SMBHs at redshifts as high as z ∼ 7 − 8 (see e.g. [165] [166] [167] ) suggest that objects as massive as M ≈ 10 9 − 10 10 M were in place less than 1 Gyr after the Big Bang [168] . This challenges the conventional picture of SMBH growth [169] , which would require significantly longer timescales to build up so massive objects. It is not clear what the solution to this conundrum is, although a possibility very seriously considered in the literature is that the process of accretion around SMBHs at high redshift is significantly modified (see e.g. [170] [171] [172] ). In several of the scenarios advocated to explain the anomalously large population of high-redshift SMBHs, the details of the accretion flow are substantially different from the standard ADAF scenario, see for instance [173] [174] [175] [176] [177] [178] [179] . This implies that the resulting shadows of high-redshift SMBHs might be significantly affected by the details of the accretion flow, making them unsuitable for cosmological studies until the details of accretion onto high-redshift SMBHs is better understood.
On completely general grounds, one would in fact expect much higher accretion rates around high-redshift SMBHs, which would lead to an optically thick accretion flow. In this case, we expect the shadow to corresponds to the apparent image of the inner edge of the accretion disk, ranging from the innermost stable circular orbit (ISCO) for sources accreting at ∼ 10% of the Eddington limit to the marginally bound orbit near the Eddington limit, and this clearly modifies Eq. (1). While this can in principle be imaged by XRI as we discussed in Sec. III B, the main issue is that the resulting angular size is extremely sensitive to both the SMBH spin and its inclination angle, and can vary by up to a factor of ≈ 10. Thus, a reliable use of the angular sizes of high-redshift SMBHs with optically thick accretion flow requires a simultaneous precise measurement of both the BH spin and inclination angle, which appears to be extremely challenging at present.
Overall, it is more than fair to state that there is yet no general consensus regarding the formation and accretion dynamics of high-redshift SMBHs. This is of course a very active field of research, and there is all the reason to hope that improvements in future surveys will shed significantly more light on these issues (see for instance [180] ). Only once the picture becomes clearer may we seriously start investigating realistic shadows of SMBHs at highredshift (to the best of our knowledge, no such study exists in the literature). This issue makes it very premature to even consider using the shadows of SMBHs at redshift z 7 (even assuming they can be detected).
D. Weak lensing
Another potentially important issue is that of weak lensing (WL). Recall that WL is the deflection of photons by intervening matter along their path from a source to us, in the limit where the deflection only causes small modifications to the photon's path but not visually striking phenomena such as multiple images (see for instance [181] [182] [183] for reviews). Photons coming from SMBHs at high redshift will inevitably encounter several lenses (or, more precisely, gravitational potentials) along the line-of-sight to us. To understand whether WL is a concern in this case, we need to estimate the typical angular deflections of photons coming from high-redshift SMBHs, and compare these to the typical shadow angular sizes plotted in Fig. 1 .
Consider a photon belonging to the boundary of a highredshift SMBH shadow travelling to us and encountering several gravitational potentials along its way, and let us focus on one chosen gravitational potential. Denoting by Ψ i the depth of the gravitational potential at the point of closest approach on the non-deflected path, General Relativity predicts that the photon will be deflected by an angle δ i ∼ 4Ψ i . Typical gravitational potentials have a depth of Ψ i ∼ 2×10 −5 , leading to a typical deflection angle of δ i ∼ 10 −4 . How many such potentials does a highredshift photon encounter on its path to us? The typical comoving size of gravitational potentials is ∼ 300 Mpc (twice the BAO scale), whereas the comoving distance to z ∼ 10 is χ ≈ 10000 Mpc. This leads us to expect that a typical photon from a high-redshift SMBH will encounter about 30 gravitational potentials along its path to us. Assuming uncorrelated potentials, this gives a total rms deflection angle of about δ tot ∼ √ 30δ i ≈ 5 × 10 −4 , or approximately 2 arcmin.
Therefore, we expect a typical photon coming from the boundary of a high-redshift SMBH shadow to experience WL deflections of O(arcmin). On the other hand, we see from Fig. 1 that even in the most optimistic cases the angular sizes of SMBH shadows are of O(µas), i.e. 8 orders of magnitude smaller than the typical WL de-flections. 1 This makes it clear that WL represents a severe limitation towards the use of SMBH shadows as standard rulers, as the typical WL-induced deflections are much larger than the typical angular sizes of highredshift SMBH shadows. From Fig. 1 we easily see that, in order to have a shadow with angular size O(µas) at z ∼ 10, it is necessary to consider SMBHs with masses M 10 11 M , which are not believed to exist in Nature. One could object that, in the same way WL surveys have been able not only to extract the WL signal but also elevate it to a precision cosmological probe, one could remove the lensing contamination to the SMBH shadow signal. However, there is a key difference between the two pictures. In the case of WL surveys, it is thanks to a statistical approach making use of images of over a million galaxies that one is able to reconstruct the weak lensing power spectra at relatively high signal-to-noise. For the SMBH shadow scenario, we will at best only be able to detect a handful of sources, making such a statistical lensing reconstruction procedure completely unfeasible.
Alternatively, one could hope to use knowledge of the foreground weak lensing convergence field along the lineof-sight to a given SMBH as reconstructed by future weak lensing surveys to undo the effect of WL. This would essentially provide a direct measurement of the projected mass overdensity along the line-of-sight. However, for the reconstructed convergence field to be useful, its resolution should be better than O(µas), in order to exactly target the SMBH shadow line-of-sight. This target precision is way beyond the expectations of the next-generation (or even next-to-next-generation) weak lensing surveys. In conclusion, WL appears to be an extremely severe contaminant towards the use of SMBH shadows at z 1 as a cosmological probe, and prospects for undoing the WL effect at the precision required (O(µas) or better) are basically inconceivable in the foreseeable future.
E. Model-dependence
One more potential concern regarding the use of SMBH shadows as standard rulers is the model-dependence of the shadow angular size, or more precisely the modeldependence of Eq. (1). In fact, a reliable standard ruler (or standard candle/siren/clock for that matter) should be as model-independent as possible, i.e. the interpretation of the resulting measurement should not depend (or only depend weakly) on the assumption of any specific model. The expression for α sh (z) in Eq. (1) is valid only for Schwarzschild (i.e. non-rotating) BHs in GR. The extension to rotating (Kerr) BHs in GR is in principle not too problematic, since for Kerr BHs the main difference with respect to Schwarzschild BHs is the fact that the shadow becomes less circular (particularly at high observation angles, see for instance Fig. 1 in [90] ), whereas its angular size remains roughly unchanged (although it does shrink slightly). The main problem appears when one considers theories of gravity beyond GR, many of which have been invoked in the literature to address the issues of cosmic acceleration, cosmic inflation, or dark matter (see e.g. [184] [185] [186] [187] [188] [189] [190] [191] [192] [193] [194] [195] [196] [197] [198] ). While the Kerr solution persists as a solution to various theories beyond GR, in several other well-motivated theories this is not the case. As a result, the sizes of the shadows of beyond-GR BHs can deviate from the r sh = 3 √ 3M predicted from GR. Essentially the same problem can occur when moving beyond BHs and considering so-called "BH mimickers" (including for instance horizon-less compact objects).
The literature on the shadows of BHs beyond GR and BH mimickers is too vast to be summarized here. Important works in this direction (studying for instance BH shadows in theories such as Chern-Simons gravity, brane-world gravity, dilaton gravity, scalar-vector-tensor gravity, or Einstein-Born-Infeld gravity, and shadows of BH mimickers such as superspinars, gravastars, and so on) can be found in e.g. (see for instance [239] for a review). For many of the solutions studied, the size of the BH shadow can deviate appreciably from 3 √ 3M . Even in the highly idealized case where we are able to measure a SMBH mass to high accuracy (an issue which is in itself problematic as per our earlier discussion, see Sec. III A), if the true underlying model of gravity is such that the angular size of the SMBH shadow is not given by Eq. (1) but by the same equation rescaled by a factor of β, incorrectly interpreting the observed angular size as being that of a GR BH directly translates into a biased determination of the angular diameter distance by the same factor of β (note that β can be both 1 or 1). Another potentially important concern is that, at least for certain models of dark matter, the details of the dark matter halo by which BHs are surrounded could significantly affect the size of the shadow, as shown in a few studies (see e.g. [99, 123, 235, [240] [241] [242] [243] [244] ).
It should be remarked that in most alternative theories the BH shadow size does not deviate too much from the GR predictions. Theories where such a deviation is substantial ( 100%) are few and arguably more exotic. Still, this model-dependence underlying the use of SMBH shadows as standard rulers should be kept in mind, and is potentially an important concern. Assuming that we will be able to detect the shadows of high-redshift SMBHs, a possible way to address this concern would be to independently show that such SMBHs are indeed GR SMBHs. We leave open the question as to what would be the best way to do so.
F. Decrease in flux at high redshift
One final concern is that detecting the shadows of high-redshift SMBHs, despite their angular size increasing with respect to their low-redshift counterparts, might be more challenging than naïvely expected. In fact, the SMBH shadow angular size increasing at high redshift is not the only relevant factor. What's perhaps more important is the fact that the observed flux decreases dramatically as (1 + z) 2 , i.e. a factor of O(100) at z ∼ 10.
This effect could in principle be counteracted if the luminosity function of active galactic nuclei (AGNs, extremely luminous objects resulting from the accretion of matter onto SMBHs at the centers of galaxies) peaked at a higher luminosity as one moves up in redshift. However, the exact opposite occurs in reality, as one could expect [245] . In fact, at high redshift the AGN luminosity function first peaks at z ≈ 1.5 before declining rapidly [246] [247] [248] [249] [250] . Moreover, the bright-end slope also steepens, meaning that high-luminosity AGNs become increasingly rarer.
Together, the two effects [evolution of the AGN luminosity function at high redshift, and flux decreasing as (1 + z) 2 ] conspire to seriously complicate the detection prospects of SMBHs at high redshift, in spite of the fact that their angular size increases at sufficiently high redshift. This difficulty should be taken into account in realistic forecasts for the use of SMBH shadows as standard rulers.
IV. CONCLUSIONS
In this short note, we have critically examined the intriguing proposal put forward by Tsupko et al. [53] of using the shadows of high-redshift supermassive black holes as standard rulers. This is a very interesting proposal which rests upon the fact that for sufficiently high redshift in an expanding dark energy-dominated universe, the angular sizes of SMBH shadows increase with increasing redshift (see Fig. 1 ). If feasible, such a probe could potentially lead to exquisite constraints on cosmological parameters [54] , potentially also shedding light on the persisting H 0 tension.
Here, we have critically examined the feasibility of such a proposal, and found several limitations and concerns regarding the use of high-redshift SMBH shadows as a cos-mological probe. These issues identified include: difficulties in obtaining reliable measurements of SMBH masses, currently limited by > 100% systematics, and the determination of which is crucial for the proposal in question, see Eq. (1); reaching an angular sensitivity of 0.1 µas or better, which remains challenging even when considering alternative techniques such as X-ray interferometry; an insufficient knowledge of the accretion dynamics of highredshift SMBHs, and consequently of our understanding of how the shadows of the latter should appear; the fact that weak lensing by gravitational potentials along the line-of-sight leads to typical O(arcmin) deflections, which are several orders of magnitude larger than the typical angular sizes of high-redshift SMBHs and appear challenging to undo; the model-dependence of the key equation for the angular size of SMBH shadows at high redshift, Eq. (1), which can be modified if the underlying theory of gravity is not General Relativity; and finally the fact that the flux coming from high-redshift SMBHs decreases dramatically compared to their lowredshift counterparts.
In conclusion, we have found a number of critical issues which appear to undermine the very interesting possibility put forward by Tsupko et al. of using SMBH shadows as standard rulers [53] , at least at present. While we of course do not want to discourage astrophysicists and cosmologists from further considering this probe, we believe it is important to highlight any shortcomings thereof as early as possible, in order for these to be thoroughly addressed by the time the proposal will be experimentally feasible. We leave the issue of proposing possible solutions to the issues identified to future work.
